The dependences of the magnetic absorption by spheroidal metal nanoparticles on the ratio between the particle curvature radii and the angle between the spheroid symmetry axis and the magnetic field vector of an incident electromagnetic wave are plotted and theoretically analyzed. An interesting result of the research is the growth of the energy absorbed by a spheroidal nanoparticle, as it becomes more oblate.
Introduction
The research of optical properties of nanoparticles has a long history (see, e.g., books [1] [2] [3] [4] ). In particular, the expression for the absorption cross-section of a plane electromagnetic wave with the frequency by a spherical nanoparticle, whose sizes are smaller than the radiation wavelength, has been known for a long time [5] :
Here, is the light velocity; the dielectric constant, which has the following form in the Drude model [3] :
is the bulk collision frequency;
is the plasma frequency; and , , and 0 are the electron charge, mass, and concentration, respectively. The first term in the braces on the right-hand side of formula (1) is associated with the electric component of the wave. Therefore, this kind of absorption is called electric. The second term is associated with the magnetic wave component, and the corresponding absorption is called magnetic [5] .
The most general and referenced theory of the optical properties of small particles is the Mie theory [6] . This theory was developed for spherical particles in the assumption that the vector of the electric current density inside the particle, j(r, ), is related to the generating field E(r, ) by the Ohm law
where is the scalar conductivity, r the coordinate vector, and the time. Generally speaking, relation (4) is valid for particles, whose dimensions are much larger than the electron free path [7] . In the opposite case, relation (4) becomes non-local [8] . Moreover, in the case of asymmetric particles, the conductivity transforms from the scalar quantity into the tensor one [7] . Let a metal particle be in the field of an external electromagnetic wave
where E and H are the electric and magnetic, respectively, components of the wave field; and k is the wave vector ( = 2 / , where is the wave length). Then the solution of the problem to find the current density vector j(r, ) responsible for the energy absorption includes two stages. At the first stage, we should determine internal fields generated by wave (5) in the nanoparticle. At the second stage, we should determine how those internal fields change the velocity distribution function of electrons, i.e. find a correction to the equilibrium Fermi distribution induced by the internal fields. The internal fields induced by wave (5) in the nanoparticle depend on the nanoparticle shape. Therefore, we will assume that the nanoparticle has an ellipsoidal shape. It is convenient to develop a theory for this form, because the results obtained for the ellipsoidal form can be extended to a wide range of nanoparticle forms (from discoid to rod-like ones) by changing the curvature radii of the ellipsoid.
If the wave length much exceeds the nanoparticle size, then the relationship of the internal and external fields, E (0) and H (0) , is known [5] . In particular, if a coordinate system is oriented along the principal ellipsoid axes, the electric (potential) component of the internal field looks like [5] 
where is the -th diagonal component of the depolarization tensor. Analogously, the eddy component of the electric field induced by the magnetic field H (0) equals [7] ( ed ) =
The other components of the eddy field can be obtained from Eq. (7) by the cyclic permutation of the subscripts. To make sure, let us recall that (0) = (0) .
Velocity Distribution Function of Electrons and the Energy Absorption by Metal Nanoparticles
The velocity distribution function of electrons in metal nanoparticles in the presence of fields (6) can be written as the sum of the equilibrium Fermi function 0 ( ), where = 2 /2 is the electron energy, and the term 1 (r, v) that is determined from the solution of the kinetic equation linearized with respect to the field,
The function 1 (r, v) must also satisfy the boundary condition
where is the velocity component directed normally to the surface. In Eq. (8), the vector F describes the total (potential and eddy) field:
The solution of the boundary-value problem (8), (9) for an ellipsoidal particle has the form
where˜= − , and 0 is the characteristic of Eq. (8),
The primes in Eqs. (11) and (12) mark the vectors in a deformed coordinate system, in which the ellipsoidal shape of the particle becomes spherical [7] . The coordinates in the deformed and undeformed systems are related to each other by the relations
where
, and are the curvature radii of the ellipsoid.
Knowing the velocity distribution function of electrons, we can find the current density
According to Eqs. (10) and (11), the current density vector (14) consists of two components: electric (induced by E in ) and magnetic (induced by E ed ) ones:
Explicit expressions for j and j can be obtained by substituting Eq. (11) into Eq. (14). Accordingly, the energy absorbed by the metal nanoparticle,
is also the sum of the electric and magnetic components. Dividing Eq. (16) by the energy flux incident on the nanoparticle, we obtain the absorption coefficient. This is, in brief, a procedure of obtaining the light absorption coefficient for a metal nanoparticle with regard for the influence of the nanoparticle shape on the absorption.
As a rule, an experimenter does not deal with an ensemble of absolutely identical nanoparticles, but with a certain set of them. Therefore, there arises a problem of averaging the light absorption and scattering coefficients over the nanoparticle forms. Recall that the nanoparticle shape affects not only the frequencies, but also the number of plasma resonances. In our previous work [9] , we studied the dependence of the electric absorption described by the first scalar product j E * in in Eq. (16) on the nanoparticle form and the nanoparticle-form distribution function. In order to analyze the dependence of optical properties of an ensemble of metal nanoparticles on their shapes, we chose a model of spheroidal nanoparticles with the same volume , but with different eccentricities (i.e. the forms). This form describes the simplest deviation from the spherical symmetry and characterizes this deviation by a single parameter, the eccentricity. This circumstance strongly simplifies the averaging procedure. In this work, we consider the averaging process for the magnetic absorption associated with the second scalar product j E * ed in Eq. (16).
Magnetic Absorption
In what follows, we restrict the consideration to the frequency interval
For typical metals, the frequency ∼ 10 13 s −1 . The inequality ≪ allows us to neglect the bulk scattering of electrons. The inequality ≪ (︀ ⊥ , || )︀ means that we are far from plasma resonances, and the electric absorption does not "hide" the magnetic one. The substitution of Eq. (14) into Eq. (16) for the energy of magnetic absorption by a spheroidal metal nanoparticle brings us to the expression [10, 11]
Here, F is the Fermi velocity, and as well as (0) = (0) ) that are parallel (‖) and orthogonal (⊥), respectively, to the axis of the ellipsoid of revolution. Recall that, in the case of spheroid, 1 = 2 ≡ ⊥ and 3 ≡ || . In Eq. (18), the magnetic components were retained, because they are easier to use, while expressing the polarization dependences of the magnetic absorption by a non-spherical nanoparticle. Finally,
Here,
is the eccentricity, and = = ⊥ / || the ratio of radii. Since the relation between and is ambiguous (two different -values correspond to the same -value), it is convenient to take the curvature radius ratio = ⊥ / || rather than the eccentricity as an independent parameter characterizing the influence of the nanoparticle shape on the absorption.
In the case of spherical nanoparticles, ⊥ = || = = (i.e. → 0). From Eq. (18), we obtain that → 2/3 and → 8/3. Using those parameter values and Eq. (18), we obtain the result of work [10] :
Below, while studying the dependence of the nanoparticle absorption on the nanoparticle shape, it is more convenient to take the ratio between the energy absorbed by a spheroidal particle and the energy absorbed by a spherical particle with the same volume as the sought quantity. Hence, the matter concerns the ratio between expressions (18) and (21),
When deriving this formula, we took into account that
Ratio (22) also equals to the ratio between the absorption coefficients of the spheroidal and spherical nanoparticles. In the coordinate frame oriented along the principal spheroid axes,
where is the angle between the vector H (0) and the spheroid revolution axis.
Taking all the aforesaid into account, we obtain
We also assume that spheroidal metal nanoparticles are oriented chaotically in the dielectric matrix. This assumption gives us ground to average expression (24) over all -angle values. As a result, after averaging over the orientations of the spheroid symmetry axis, ratio (24) between the magnetic absorption by a spheroidal metal nanoparticle and the similar absorption by a spherical particle takes the form
It should be noted that the magnetic absorption (25) does not depend on the frequency in interval (17). This fact can be easily understand on the example of spherical nanoparticles. In expression (1), the magnetic absorption is described by the second term. In the frequency range (17), as one can see from Eq. (2), ′′ ∼ 2 / 2 . Substituting this expression into Eq. (1), we obtain that the frequency dependence of the magnetic absorption disappears. Note also that formula (1) was derived in the case where ⟩ between the energies of magnetic absorption by spheroidal and spherical metal nanoparticles on the ratio between the curvature radii of the spheroid = ⊥ / || the nanoparticle size is much larger than the electron free path. In the general case, i.e. at an arbitrary ratio between the free-electron path length and the nanoparticle size, the problem of light scattering by a spherical metal particle was solved in work [12] . Before analyzing the plot in Fig. 1 , we would like to make the following brief remark. As was indicated in Introduction, it is convenient to develop the theory for ellipsoidal particles, because the results obtained for this shape can be extended to a wide range of nanoparticle forms from discoid to rod-like ones by changing the curvature radii of the ellipsoid . Furthermore, we emphasized that the ratio of curvature radii = ⊥ / is expedient to be taken as a parameter rather than the eccentricity . Therefore, it is natural to say that, with the growth of , the nanoparticle becomes more oblate. Hence, from Fig. 1 , the following conclusion can be drawn. The more oblate the spheroidal metal nanoparticle, the larger is its averaged magnetic absorption. This growth has a smooth character at > 0.5.
Results of Computational Experiment and Their Interpretation
Of much greater interest is the spatial distribution of the ratio between the energies absorbed by (Fig. 2) . To what extent the geometric surface depicted in Fig. 2 is adequate to physical ideas can be judged on the basis of the following facts. First of Fig. 4 . Dependence of the ratio ( , )/ (0) between the energies of magnetic absorption by spheroidal and spherical metal nanoparticles on the ratio between the curvature radii of the spheroid = ⊥ / || at = 0 and all, the attention is attracted to a boundary between two parts of the surface: the convex, at 0 ≤ < 1, and concave, at > 1, regions. This boundary is a straight line, with every point of which satisfying the formula ( = 1, )
= 1,
From the physical point of view, this relation is confirmed by a simple fact: for a particle with = = ⊥ / || = 1, the absorbed energy equals the energy absorbed by a spherical particle independently of the angle between the vector H (0) and the axis of sphere revolution: ( = 1, ) = (0) .
Another interesting fact consists in the growth of the energy absorbed by a spheroidal nanoparticle with the increasing (the nanoparticle becomes more oblate) at any values of the angle ∈ {[0, /2 )∪ ∪( /2, ]}. The only value of , at which the curve ( , = /2) (0) asymptotically approaches zero, is = = /2 (Fig. 3) .
The maximum growth of the magnetic absorption by a spheroidal metal nanoparticle is observed at two values of the angle : 0 and (Fig. 4) . Here, this growth is identical.
Of course, if a very oblate (almost flat) particle is oriented normally to the magnetic field vector ( = = 0 or ), then the effect of its interaction with this field is maximum. But if the same particle (almost flat) is oriented along the magnetic field vector ( = = /2), then the effect of its interaction with this field is small.
